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We investigate disorder effects on Landau levels in Dirac semimetals. It is found that disorder
induces the spectrum collapse of Landau levels; i.e., the disappearance of the energy gaps between
n-th and −n-th levels under a finite external magnetic field. By treating the magnetic field as a
synthesized dimension of momentum, the spectrum collapse can be associated with a non-Hermitian
topological phase transition.
I. INTRODUCTION
Physics of Dirac electron systems is one of the cen-
tral issues in condensed matter fields1. Dirac materials
attract much interests because of their unique proper-
ties. Especially, the emergence of non-trivial topology
in the Hilbert space has been extensively studied.2,3 The
non-trivial topology manifests in topologically protected
surface states and the associated novel transport phe-
nomena. For example, in the Haldane model, which
is a well-known example of a Dirac system with non-
trivial topology, the Hall conductivity is quantized as
σxy = ne
2/h (n ∈ Z) at low temperature.4–6 The quan-
tization of the transport coefficient is originated from
Berry flux and characterized by the Chern number which
is a topological invariant.7,8 Dirac or Weyl point can be
regarded as the source or drain of Berry flux and its ex-
istence leads to characteristic magnetotransport proper-
ties.9–14 Another interesting example is graphene, which
is a prototype of Dirac semimetals, and shows the uncon-
ventional quantization of the Hall conductivity under an
applied magnetic field, σxy = 4e
2(n+1/2)/h (n ∈ Z).9,10
The unconventional quantization of the Hall conductiv-
ity is originated from the ”relativistic” energy spectrum
and the valley degrees of freedom of Landau zero modes.
In the case of Weyl semimetals, an external electromag-
netic field leads to unque magnetotransport phenom-
ena originated from the chiral anomaly.15 For instance,
the anomalous Hall effect, the chiral magnetic effect,
and negative magnetoresistivity have been widely dis-
cussed.16–20 The emergence of the chiral anomaly also
can be understood from the asymmetric spectrum of the
Landau zero modes. For understanding these magneto-
transport properties in real materials, disorder effects on
Landau levels are crucially important.21–23
Generally, disorder potentials introduce additional
topological structures in materials, which is related
to non-Hermitian quantum systems with dissipation.
Quasiparticles in solid state systems have damping ef-
fects due to potential scatterings in the case with dis-
order. By regarding a system with disorder as a system
with dissipative damping effects, we can use a quasiparti-
cle non-hermitian Hamiltonian approach.24 This method
was firstly introduced for understanding correlation ef-
fects with the use of topology of the quasiparticle com-
plex energy eigenvalues of the non-hermitian effective
Hamiltonian. In addition, the authors of ref. 24 eluci-
dated that the spin (orbital) dependent life-time in Dirac
electron systems leads to the exceptional band touching
and the appearance of bulk Fermi arc, which are charac-
teristic features of non-Hermitian energy spectra. This
finding motivated various succeeding research works.24–36
In particular, Papaj and his coworkers clarified the va-
lidity of the quasiparticle Hamiltonian method for disor-
dered systems by comparing the result of the quasiparti-
cle Hamiltonian method and the diagonalization anal-
ysis .34 Y. Michishita et al,. addressed the origin of
non-Hermitian effects in the quasiparticle Hamiltonian
method and revealed the relation between correlation ef-
fects and dissipation effects in open quantum systems.27
The quasiparticle Hamiltonian method can be also uti-
lized for disorder effects on Landau levels. For instance,
the quantum oscillation in Kondo insulators can be at-
tributed to disorder-induced finite density of states.36
As these studies shows, the spin (orbital) dependent
life-time in Dirac electron systems leads to various in-
triguing physical properties. In this paper, we apply the
quasiparticle Hamiltonian method to the Landau levels
in disordered Dirac semimetals. We establish that dis-
order induces the disappearance of energy gap between
Landau levels under a finite external magnetic field. We
refer to this effect as the spectrum collapse of Dirac Lan-
dau levels. It is also noted that the spectrum collapse of
disordered Landau levels is an example of non-Hermitian
topological phase transitions.
This paper is organized as follows. In Sec. II, we
present our model of Dirac semimetals. Here, the quasi-
particle Hamiltonian theory under an external magnetic
field is presented. In Sec. III, we derive the expression of
Landau levels and demonstrate the spectrum collapse of
disordered Landau levels in Dirac semimetals. In Sec. IV,
we clarify that the spectrum collapse of Landau levels is
associated with a non-Hermitian topological phase tran-
sition.
ar
X
iv
:2
00
4.
11
01
4v
2 
 [c
on
d-
ma
t.m
es
-h
all
]  
24
 A
pr
 20
20
2II. QUASIPARTICLE HAMILTONIAN
FORMALISM IN DISORDERED DIRAC
SEMIMETALS
A. Dirac Hamiltonian and Landau levels
In this paper, we consider disorder effects for the fol-
lowing Dirac Hamiltonian,
H0(p) = f(p) · σ, (1)
where σ = (σx, σy, σz) is the vector of Pauli matrices
in spin space. f(p) = (fx(p), fy(p), fz(p)) is the vec-
tor function of momentum. Especially, we focus on the
following vector function f(p) which satisfies,
fx(p) = −fx(−p), (2)
fy(p) = −fy(−p), (3)
fz(p) = fz(−p). (4)
In addition, we assume a semimetallic condition
minpz |fz(pz)| = 0. The simple Hamiltonian (1) can de-
scribe various types of Dirac semimetals. For instance,
in the case with f(p) as,
fDSM(p) = (λpx, λpy, 0), (5)
Eq. (1) describes the two dimensional Dirac semimetal,
i.e., surface states in topological insulators and
graphene1,37,38. In the case with,
fWSM(p) = (λpx, λpy, γ(p
2
z −m)) (m > 0), (6)
it does a low energy physics of Weyl semimetals39–42. In
this paper, these two cases are considered.
We introduce the external magnetic field along z-
direction : B = (0, 0, Bz). By assuming minimal cou-
pling : p → −i∇−A (e = c = ~ = 1), the Hamiltonian
is given by,
H0(−i∇−A) =
(
fz(−i ∂∂z ) λpi−
λpi+ −fz(−i ∂∂z )
)
, (7)
where the gauge covariant derivatives pii ≡ −i∂i−Ai (i =
x, y), pi± ≡ pix±ipiy are defined. These differential opera-
tor satisfies [pi+, pi−] = 2Bz. By normalizing these covari-
ant derivatives as aˆ ≡ (2Bz)−1/2pi+, aˆ† ≡ (2Bz)−1/2pi−,
we obtain the Bosonic creation and anihilation operator,
which satisfy [aˆ, aˆ] =
[
aˆ†, aˆ†
]
= 0,
[
aˆ, aˆ†
]
= 1. Using
these Bosonic operators, the quasiparticle Hamiltonian
(7) can be recast into,
H0(−i∇−A) =
(
fz(−i ∂∂z )
√
2Bzλaˆ
†√
2Bzλaˆ −fz(−i ∂∂z )
)
. (8)
The eigenvalues and the eigenfunction of the single par-
ticle Hamiltonian H0(−i∇−A) are given by,
H0(−i∇−A)|±, n, pz〉 = E±,n(pz)|±, n, pz〉, (9)
E±,n(pz) = ±
√
fz(pz)2 + 2|Bz|λ2n, (10)
|±, n, pz〉 =
 1√2
(
1 + fz(pz)E±,n(pz)
) 1
2 |n〉
∓i√
2
(
1 + fz(pz)E±,n(pz)
) 1
2 |n− 1〉
 , (11)
where the eigenket of the number operator |n〉 is defined.
At the point where fz(pz) = 0 is satisfied in momen-
tum space, the Landau levels are described by E± ∝
√
n,
which is well known as the Landau level in Dirac mate-
rials1.
B. Four dimensional description
We introduce a pseudo momentum pB ≡
√
2λ|Bz| to
study positions of the Landau levels. The eigenvalues in
Eq. (10) are expressed as,
E±,n(pz, pB) = ±
√
fz(pz)2 + np2B . (12)
Thus, the (pz, pB)-dependence of the position of the Lan-
dau level E±,n(pz, pB) can be regarded as the energy
”dispersion” in (pz, pB) space. In the latter part of this
paper, we discuss a topological structure of this energy
”dispersion” in the case with disorder.
C. Green’s function and effective quasiparticle
Hamiltonian
We introduce an effective quasiparticle Hamiltonian to
consider effects of disorder. The impurity scattering gen-
erates a self-energy Σ(−i∇−A, ) in the impurity aver-
aged Green’s function, which is given by,
G(−i∇−A, ) = [−H0(−i∇−A)− Σ(−i∇−A, )]−1.
(13)
The Green’s function operator is defined as,
G() =
∑
n
∑
pz
∑
σ,σ′
|σ, n, pz〉Gσσ′(pz, n, )〈σ′, n, pz|, (14)
where Gσσ′(pz, n, ) = 〈σ, n, pz|[−H0 − Σ]−1|σ′n, pz〉.
We introduce the following effective quasiparticle
Hamiltonian:
Heff(−i∇−A) ≡ H0(−i∇−A) + Σ(−i∇−A, 0),
(15)
where we neglect the frequency dependence of the self-
energy since we focus on the low energy behavior. This
2×2 ”Hamiltonian” matrix is a non-Hermitian due to the
imaginary part of the self-energy. The eigenvalue prob-
lem of this non-Hermitian matrix Heff(pz, n) is written
as,
Heff(−i∇−A)|σ, pz, n, ;R〉 = Eσ,n(pz)|σ, pz, n;R〉,
(16)
H†eff(−i∇−A)|σ, pz, n, ;L〉 = E∗σ,n(pz)|σ, pz, n;L〉,
(17)
3where 〈σ, pz, n;L|σ′, pz,m;R〉 = δnmδσσ′ . By substitut-
ing
∑
m,pz
∑
σ |σ, pz,m;R〉〈σ, pz,m;L| = 1 into Eq. (14),
the Green’s function operator becomes,
G() =
∑
m1,m2,pz1,pz2
∑
σ1,σ2
|σ1, pz1,m1;R〉〈σ1, pz1,m1;L| 1
− Eσ2,m2(pz2)
|σ2, pz2,m2;R〉〈σ2, pz2,m2;L|, (18)
=
∑
n,pz
∑
σ
|σ, pz, n;R〉Geffσ (pz, n)〈σ, pz, n;L|, (19)
where Geffσ (pz, n) ≡ 〈σ, pz, n;L|[ − Heff(−i∇ −
A)]−1|σ, pz, n;R〉. Therefore, the complex eigenvalues of
the quasiparticle Hamiltonian Heff(−i∇ − A) are posi-
tions of the poles of the Green’s function operator. Any
physical quantities calculated from one-particle Green’s
function, such as the spectral function measured by the
ARPES, can be understood with the complex eigenvalues
of the effective non-Hermitian Hamiltonian.
By using analysis based on the quasiparticle Hamilto-
nian formalism, we can understand disorder effects from
the quasiparticle energy dispersion. For instance, it is
useful for the clarification of exceptional band touching
in disordered or correlated electron systems.24–35 The
exceptional band touching is originated from the non-
Hermitian nature of the quasiparticle Hamiltonian. Due
to its non-Hermiticity, the quasiparticle Hamiltonian can
not be diagonalizable at a certain momentum, which is
called as an exceptional point (EP) in the mathematics
literature.43–45 The appearance of EPs leads to the ex-
ceptional band touching. For instance, the bulk Fermi
arc, the disorder-induced flat band, and an exceptional
surface are extensively discussed. As mentioned above,
the life-time effect drastically changes the quasiparticle
energy dispersion. It is crucially important for a deeper
understanding of disordered or correlated electron sys-
tems.
III. DISORDERED LANDAU LEVELS
A. Impurity self-energy
Let us discuss the impurity self-energy in Dirac
semimetals. For concreteness of discussion, we assume
the following short-range impurity potentials,
Vimp(x) =
∑
Ra
(Vnmagσ0 + Vmagσz) δ(x−Ra), (20)
where Ra is the site coordinate of an impurity and Vmag
describes a magnetic impurity potential.
Now, we assume a random impurity distribution.
When the impurity average is taken, the disorder effect is
incorporated into the impurity self-energy. The impurity
self-energy can be obtained from the local Green’s func-
tion which is defined as: G(,x = 0) ≡ ∫ ddp
(2pi)d
GR(,p).
Because of the momentum odd nature of the off-diagonal
components of the Hamiltonian (1), the local Green’s
function becomes diagonal.26,46 As a result, the impu-
rity self-energy becomes a diagonal matrix. Thus, we
obtain the following form of the impurity self-energy of
Dirac semimetals,
Σ( = 0) = −iΓ0σ0 + iΓzσz, (21)
where Γ0, Γz ∈ R. Here, we assumed that the real part
of the self-energy can be absorbed into the shift of the
chemical potential. We note that the self-energy (21)
is independent of the crystal momentum because of the
short-range nature of the impurity potential.
The spin-dependent scattering rate iΓzσz drastically
changes the quasiparticle dispersion. In the case of
two dimensional Dirac semimetals, the Γz-term splits
the Dirac point into two EPs and generates the bulk
Fermi arc, which connects two EPs.24 In Weyl semimetal,
the Γz-term realizes the exceptional ring and disorder-
induced flat band.47
We comment on the physical origin of spin-dependent
scattering rates. In the case of two dimensional Dirac
semimetals, the magnetic impurity potential Vmag gener-
ates the Γz-term.
34 On the other hand, in three dimen-
sional Dirac or Weyl semimetals, the Γz-term appears
regardless of the detail of the scatterers.26,48 In this case,
the Γz-term is originated from the multiple scattering
mechanisms or the asymmetry of Landau 0-th mode in
the spin space.
B. Quasiparticle complex eigenvalues with
disorders
In this section, we discuss disorder effects on Dirac
Landau levels. We consider the self-energy which is the
form of Eq. (21),
40-mode
0-mode
1-mode
1-mode
FIG. 1: The complex energy of Landau levels of a disordered Weyl semimetal. The left and right panels are in the region where
∆E1 6= 0 and ∆E1 = 0, respectively. The middle panels correspond to a topological phase transition point.
Heff(−i∇−A) =
(
fz(−i ∂∂z )− iΓ0 + iΓz pB aˆ†
pB aˆ −fz(−i ∂∂z )− iΓ0 − iΓz
)
. (22)
The complex energy dispersions for each Laudau levels
are given by,
E0(pz, pB) = fz(pz)− iΓ0 + iΓz, (23)
E±,n(pz, pB) = −iΓ0 ±
√
(fz(pz) + iΓz)2 + np2B ,(24)
where n = 1, 2, 3 · · · . Eqs. (23) and (24) show that the
Γz-term changes the n-th (|n| ≥ 1) Dirac Landau levels
drastically, while it gives just spectrum broadening to the
zeroth level. To see this more precisely, we consider the
real energy gap between n-th and −n-th levels, which is
defined as,
∆En ≡ min
pz
Re (E+,n(pz, pB)− E−,n(pz, pB))
= 2Re
√
np2B − Γ2z
=
{
2
√
np2B − Γ2z for np2B ≥ Γ2z,
0 for np2B < Γ
2
z.
(25)
Here we used the semimetals condition minpz fz(pz) = 0.
We found that the real energy gap ∆En disappears when
the spin-dependent scattering rate becomes compara-
ble to the energy gap
√
2|Bz|λ2n. In disordered Dirac
semimetals, the energy gap between Landau levels can
disappear even in a finite external magnetic field. FIGs. 1
and 2 show the complex energy dispersion of the disor-
dered Weyl and two dimensional Dirac semimetals, re-
spectively. As seen in FIG. 1, ∆E1 decreases as the value
of |Γz| increases, and becomes 0 at a critical value of |Γz|.
We refer to this disappearance of the energy gap as spec-
trum collapse of Landau levels.
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FIG. 2: Complex energy of Landau levels of a disordered
Dirac semimetal. The inset shows the vorticity w1(pB). The
parameters in all panels are : Γ0 = 0.2, Γz = 0.1.
5IV. SPECTRUM COLLAPSE AS
TOPOLOGICAL PHASE TRANSITION
Finally, we clarify that the spectrum collapse of Dirac
Landau levels can be regarded as a non-Hermitian topo-
logical phase transition. The topological nature of the
spectrum collapse can be revealed by using the synthetic-
dimension formalism introduced in Sec. II. First, we dis-
cuss the case of two dimensional Dirac semimetals which
is described by (5). By using the synthetic dimension pB ,
the complex dispersion of Landau levels can be written
as,
EDSM±,n (pB) = −iΓ0 ±
√
−Γ2z + np2B , (26)
From Eq. (26), we found that the gap closing point be-
tween n-th and −n-th level (E+,n(pB) = E−,n(pB)) can
be understand as EPs in momentum space with the syn-
thetic dimension.
Here, we define the phase difference of the complex
energy between n and −n-th level as,
∆θn(pB) = arg(E+,n(pB)− E−,n(pB)). (27)
The inset of FIG. 2 shows the phase ∆θ1(pB) becomes
discontinuous at the gap closing points. At this point,
∆θ1(pB) changes by −pi/2. When we regard this one-
dimensional dispersion as a projection from the two-
dimensional momentum space, it can be realized as a
half-quantized vortices of the phase of the complex en-
ergy, which is topologically protected.
Next, let us consider the case of disordered Weyl
semimetals. By using the synthetic dimension of mo-
mentum, the complex dispersion of Landau levels in a
disordered Weyl semimetal is written as,
EWSM±,n (pz, pB) = −iΓ0 ±
√
(γ(p2z −m) + iΓz)2 + np2B .
(28)
As in the case with two dimensional Dirac semimetals,
the gap closing point (E+,n(pB) = E−,n(pB)) can be un-
derstood as EPs. In this case, the winding number of the
 0
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 0.15
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 0.5  1
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 0
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EP
FIG. 3: The phase difference of the complex energy between
the 1-st and -1st Landau levels : γ = 1.0, Γ0 = 0.2, Γz = 0.1.
phase of the complex energy can be defined as,
wn(C) = 1
2pi
∮
C
∂
∂p
arg(E+,n(pz, pB)− E−,n(pz, pB)) · dp
(29)
where the differential operator ∂∂p = (
∂
∂pz
, ∂∂pB ) and the
closed path in momentum space C are defined. FIG. 3
shows that the spectrum collapse in Weyl semimetal is
characterized by the winding number wn(C) = ± 12 .
V. CONCLUSION
In this paper, we addressed disorder effects on the Lan-
dau levels in Dirac semimetals. By analyzing the quasi-
particle dispersion, the spectrum collapse of Landau lev-
els was established. Besides, we showed that the spec-
trum collapse can be associated with the non-Hermitian
topological phase transition.
Finally, we comment on the experimental verification
of our theoretical proposal. The coupling between Dirac
fermion and a lattice strain can be written as a ficti-
tious vector potential.49,50 In the case with graphene, the
strain-induced fictitious magnetic field naturally appears
because of the interaction with the substrate. Interest-
ingly, the Landau levels in strained graphene was experi-
mentally established.51,52 Unlike the case of the magnetic
field, strain-induced Landau quantization is directly ob-
servable by ARPES measurement, which is useful for ver-
ification of our theoretical proposal.
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